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A flight trajectory generation method called the distressed-aircraft-recovery technique for maximum safe-

outcome probability (DART_MSOP), based on integration of three new algorithms, is developed that maximizes

safe-outcome probability after a distress event by incorporating an abort airport together with a model of current

aircraft dynamics. Several abort-probability models are studied under various constraints. The first new algorithm,

a statistical-based initial-turn-determination algorithm, is developed to advise pilots to a reachable best landing site

immediately after the distress event and before using the second new algorithm, a high-fidelity flight trajectory

generation algorithm. A third new algorithm determines the flight maneuver for guidance of a perpetual-turning-

attitude aircraft to fly the trajectory generated by the second algorithm. The third algorithm is only used if the

aircraft has stuck controls or a similar malfunction that generates a nonzero amount of bank angle and causes the

aircraft to turn only in one direction. As a three-dimensional high-fidelity algorithm, the second algorithm considers

the probability of an abort to increase overall survivability byminimizing expected flight-path length as it shapes the

trajectory. The performance of this new intelligent flight trajectory determination method DART_MSOP is

evaluated using a case study based on a hypothetical in-flight distressed transport aircraft in northern California.

Numerical simulations include variable failure rates to simulate different in-flight distress conditions, and multiple

fixes along the path to accommodate realistic trajectories. DART_MSOP intelligent flight trajectory determination

method should increase aviation safety if these algorithms are implemented in aircraft avionics systems.

Nomenclature

A = abort airport, airport A
B = better airport, airport B
b = wing span
CL = lift coefficient
D = aircraft position at the distress event
E�:� = expected value
FD = drag force
FT = jet engine thrust
g�s�, h�s� = constraint function of inequality and equality
k, K = failure-rate shape parameter for Weibull

probability distribution
m = aircraft total mass
p�s� = probability density function for an abort at a point

along the path
R = radius of curvature along the trajectory
rmin = aircraft minimum turn radius
s = curvilinear coordinate parameter along the flight

path
W = aircraft total weight
x, y = Cartesian coordinates for the flight ground track
� = flight-path angle

�, � = size parameter and mean value of the Weibull
probability distribution

� = air density

I. Introduction

I N-FLIGHT structural damage and actuator-fault-related control-
surface failures are some of the causes of in-flight distress of

transport-category aircraft [1,2]. The distressed-aircraft-recovery
technique (DART) research team is working on flight trajectory
generation research to maximize safe-outcome probability (MSOP)
after occurrence of an in-flight distress condition. The trajectory-
generation process continues to be a challenging research area and
concerns all aircraft controlled by a pilot (human or autopilot)
onboard system or by a no-pilot onboard system (remotely or auton-
omously controlled). Basic goals in trajectory generation are to in-
crease safe operations of all aircraft under normal flight and to
increase survivability of all aircraft following an in-flight distress
event. The common practice after an in-flight distress event is to land
at the nearest airport by changing the preplanned flight path without
investigating other options. DART_MSOP is designed to investigate
other possibilities to maximize safe-outcome probability of flight
following a distress event.

Aircraft flight-path planning and trajectory-generation subjects
have been investigated by many researchers during the past three
decades. Reference [3] gives a comprehensive review of numerical
flight-trajectory optimization algorithms. Recently, several inves-
tigators have studied aircraft trajectories under damage [4–10].
Reference [4] details an adaptiveflight-planner approach as an online
trajectory generatorwith variable autonomy. It is intended to enhance
the flight management system with improved cockpit situational
awareness. In [5] flight plans are defined as waypoints together with
connecting segments using two-dimensional paths. Waypoints are
added heuristically to eliminate steep flight-path angles in cases in
which the landing site is very close or the aircraft is very high.
Landing sites are selected after determination of the aircraft’s
reachable footprint and are ranked according to numerous features,
including runway characteristics and current surface wind and
weather conditions. The runways are prioritized after determining
them to be feasible. In [6] a temporally dependent probabilistic
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model is used for plan development. An expert specifies event
probabilities and action delays allow for computation of state
probabilities. State probabilities are used to choose goal paths and
remove improbable states. A recent approach to the aircraft trajectory
problem uses direct multiple shooting to give the optimal open-loop
trajectory [8]. The trajectory is simulated via the inverse method. If
the error between the trajectories is unacceptable, the optimization
and inverse simulation parameters are adjusted. Otherwise, the
trajectory is considered near-optimal. References [9,10] develop
trajectories for unmanned vehicles under safety, time, and/or fuel-
consumption constraints. Reference [11] details general optimiza-
tion algorithms toolbox used for trajectory optimization.

Landing of a distressed aircraft after in-flight distress event has
been a topic of interest in [1,2,4,5,12–18]. All deal with recovery of
aircraft with control-surface (secondary structure) or hydraulic
system failures, except the DART, which considers recovery of an
aircraft with primary structural damage. DART integrates multiple
disciplines and their interactions using high-fidelity and low-fidelity
models. These areas are structures, aerodynamics, stability and
control, propulsion, fluid–structure–thermal interactions (aeroelas-
ticity, aerothermoservoelasticity), trajectory optimization, flight
testing, and training of human pilot and/or autopilot to recover the
aircraft from a distress event that includes structural damage [1].

The current paper details a new method added to DART in
optimum trajectory shaping thatmeets the survivability requirements
within the dynamic constraints of the distressed-aircraft limitations.
In particular, we present a new flight trajectory generation method
called the distressed-aircraft-recovery technique for maximum safe-
outcome probability, based on integration of three new algorithms
developed that maximizes safe-outcome probability after a distress
event by incorporating an abort airport together with a model of
current aircraft dynamics. Several abort-probability models are
studied under various constraints. The approach developed increases
overall survivability by minimizing the expected flight-path distance
given the abort-probability model. The performance of the
DART_MSOPmethod is evaluated using numerical simulations that
include variable failure rates to simulate different in-flight distress
conditions and using multiple fixes along the path to accommodate
realistic trajectories.

II. Technical Challenges and Context Information

Flight-path planning and optimized-trajectory shaping for an
aircraft in the presence of in-flight damage have many requirements.
In the case of a damaged aircraft in which the preplanned flight path
becomes untenable, the pilot has to recompute a path and fly to an
alternate landing site, which the pilot must also find and evaluate in
the midst of the emergency. The pilot must quickly evaluate aircraft
damage, select a landing site, and generate a new flight path while
flying a distressed aircraft. Decision-making in an already-high-
stress environment is likely to produce errors and may cause acci-
dents due to pilot overload.

The ultimate goal in trajectory generation is to achieve safe
landing with zero casualties and no additional vehicle damage. This
task faces a threefold challenge:

1) How can an uncertain scenario with unknown information and
unpredictable human decisions be properly represented?

2) How can we decipher and make use of sensory data to preserve
vehicle’s health condition?

3) How can we integrate context information in stochastically
optimal path planning?

Oneway of looking at the problem is to realize that simply landing
the aircraft is not enough. The flight path is not really complete until
all passengers and crew are off the aircraft and into a hospital,
as needed. Hence, we define the following phases to a successful
landing:

Phase 1 is en route flight and approach to landing. This phase
encompasses the time from the distress event until the aircraft
touches the runway. The primary contributor to further failure here is
time in the air.

Phase 2 is touchdown/rollout. This phase covers from the time the
aircraft touches the tarmac until it stops sliding or rolling. At this
point, failure is a question of runway environment and approach
velocity.

Phase 3 is evacuation/rescue. This phase covers from the time the
aircraft stops and emergency situation is fully under control, such as
verifying that all the injured passengers are in a hospital. The primary
issue here is the airport’s emergency resources, such as proximity of
fire crews, ambulances and hospitals.

All the above phases are accounted for indirectly in the
DART_MSOP, as detailed in the following sections. Our focus in this
paper is primarily in the phase 1 portion of flight following a distress
event.

III. Technical Approach and Derivation
of Governing Equations

The first step following a distress event is to evaluate the
maneuverability of the aircraft. An estimate is obtained based on
energy height and excess power relations. If the aircraft can sustain
flight, then we proceed with our new flight trajectory generation
method called the DART_MSOP method, as depicted in Fig. 1.

DART_MSOP method integrates three new algorithms we
developed and maximizes safe-outcome probability after a distress
event by incorporating an abort airport together with a model of
current aircraft dynamics. The first new algorithm, a statistical-based
initial-turn-determination algorithm, is developed to advise pilots to
a reachable best landing site immediately after the distress event and
before using the second new algorithm, a high-fidelity flight trajec-
tory generation algorithm. A third new algorithm determines the
flight maneuver for guidance of a perpetual-turning-attitude aircraft
to fly the trajectory generated by the second algorithm. The third
algorithm is only used if the aircraft has stuck controls or a similar
malfunction that causes a nonzero amount of bank angle and causes
the aircraft to turn only in one direction.

Consider the hypothetical situation of an aircraft ground track
depicted in Fig. 2. Airport A is a decommissioned military base,
which has runways with desirable features, but has no fire crews.
Further, it is far from any hospital. However, it is the closest to the
damage-event site, but not by a drastic amount. Airport B is a fully
functional international airport with full fire teams and a nearby
trauma center, with plenty of ambulances onsite. Airport A is closest,
but if a fire starts on landing or there are already injured passengers,
there will not be anyone to put out the fire or to stabilize the injured.

In summary, we consider two outcomes: 1) a successful landing at
airport B, the better airport, and 2) a successful abort to airport A, the
abort airport.

A generic transport aircraft model is considered. Simulated
distress-event numerical studies are based on in-flight sustained
right-wing damage.Aircraftmodel parameters are adjusted to predict
wing-damaged-aircraft characteristics. Dynamics of aircraft are
described by differential equations of motions under a point-mass
assumption and using flat-Earth inertial coordinates as reference:

dx

dt
� V cos� � cos��� (1)

dy

dt
� V sin� � cos��� (2)

dh

dt
� V sin��� (3)

dE

dt
� V�FT � FD�

mg
(4)

d 

dt
� L sin�’�
mV cos��� (5)
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d�

dt
� L cos�’� �mgV cos���

mV
(6)

dm

dt
��c (7)

where x and y are positions on flight ground track, h is altitude,H is
energy height,  is heading angle, FD is drag, T is thrust, V is
velocity, g is gravitational acceleration, � is flight-path angle, ’ is
bank angle,L is lift, c is constant fuel flow rate, andm is aircraft total
mass. These equations can be decoupled for a constant-velocity
flight. Other aircraft parameters that need to be considered following

a damage event are load factor n� L=g and wing loading W=S.
In our DART_MSOP method, aircraft turn radius is used as a
constraint in shaping the optimum trajectory using the following
relation between the aerodynamics, flight loads, and aircraft current
properties:

rmin �
2

�gCLmax

�
W

S

�
(8)

CLmax �
W

1=2�V2S
(9)

Amore accurate evaluation of damaged-aircraft parameters can be
obtained using formulations given in [2]. Equation (4) relates rate of
change of energy height to specific excess power. It is used here to
rapidly estimate maneuverability of aircraft before proceeding with
flight-path generation using the DART_MSOP method.

A. First New Algorithm of DART_MSOP: Statistical-Based
Initial-Turn Determination

The first algorithm of the DART_MSOP method determines the
initial turn toward the best landing sites using a statistical approach.
This approach rank-orders best landing sites within seconds after a
distress condition and assists pilots with the initial-turn decision
toward the best airport and an abort airport before using the second
new algorithm, a high-fidelity flight trajectory generation algorithm.

In some distress scenarios, one airport will stand out as the most
probable option for success of the mission. In many other scenarios,
the best option will stand out after statistical analysis of all relevant
contextual information. This information is identified and related to
aircraft, airport, and trajectory, as depicted in Fig. 3. Quantifiable
factors are statistically analyzed in terms of three categories of
deterministic, stochastic, and uncertain variables related to the maxi-
mization of safe-outcome probability. Ameanvalue for each factor is
established and compared with the specific value for each runway,
resulting in a statistical score. Scores are totaled and displayed for
the different airports. Statistical-based selection depends on the
parameters included in Fig. 3.

Fig. 1 DART_MSOP method with its three new algorithms for the abort and better airports, sketched for a perpetual-right-turning condition.

Fig. 2 Flight ground track, positions ofD,A,B,T (the abort point along

the path to B), and R (the point of no return along the path to airport B).
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B. Second New Algorithm of DART_MSOP: Probabilistic-Based

Flight-Trajectory Generation

As a three-dimensional high-fidelity algorithm, the second
algorithm considers the probability of an abort to increase overall
survivability by minimizing the expected flight-path length as it
shapes the flight trajectory following the first algorithm. This high-
fidelity probabilistic-based flight trajectory determination process
consists of three main components:

1) The first component is the path representation. In our research
we generated three-dimensional paths using path-following
coordinates and fixes.

2) The second component is the probability model that accounts
for the failure rates along the flight path after the distress event. This
model represents the probable outcomes of a given path. In our
research, the probability model is the probability density of each
outcome as a function of position in space along the path.

3) The third component contains the objective-function formu-
lation, its constraints, and the optimization algorithm. The objective
function ties the outcomes together with their probabilities and the
path into a measure of the usefulness of the path, which is then
optimized under aircraft dynamic constraints to maximize the
efficacy of the flight trajectory.

1. Path Representation

A path-following curvilinear coordinate s representation was
developed to formulate three-dimensional aircraft paths. A path-
following Cartesian unit vector set is also chosen, depicted in Fig. 4.
Tx�s� is the tangent vector along the trajectory and is positive from t
to t� dt time, Ty�s� is the normal to the trajectory along the radius of

curvature and is positive toward the center of radius of curvature, and
Tz�s� is obtained from the vector product of x and y components.

This representation allows complex three-dimensional trajectories
to be represented uniquely at each trajectory point. Aircraft body-
fixed coordinates have the usual representation of the origin at
aircraft center of gravity, tail to nose, and center of gravity to right-
wingtip positive coordinates.

Two types of preshaped path segments are formulated. The first is
from a fix to a fix. The second one is a base-to-final-leg segment.

A set of straight segments and constant-radius-of-curvature
segments shown in Fig. 5 is used to formulate the path segment
directly, to reduce computational time. The curved segments are in
three-dimensional space and can be climbing or descending curved

Fig. 4 Path-following curvilinear coordinates: Tx is tangent, Ty is along the radius of curvature, and Tz is perpendicular to the Tx–Ty plane.

Fig. 3 Classification of quantifiable and imprecise variables related to a) distressed aircraft, b) landing site, and c) possible trajectory in three categories.

Fig. 5 Fix Si to fix Si�2 transition schematic.
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segments. The method is vector-operation-based, which means that
the intermediate form can be derived using linear algebra vector
operations. One transformation in the three-dimensional case must
be solved numerically. The positions at the starting point, starting
orientation, and ending point are specified, and the ending orien-
tation and curved-to-straight segment transition fix are determined.

The quantities Tx�Si�, X�Si�, and X�Si�2�, are known, and
Tx�Si�2�, X�Si�1�, L, and N must be derived. The entire maneuver
lies in the plane defined by the vectors Tx�Si�, and Si�2 � Si. N
represents the vector normal to this plane:

N � Tx�Si� � �X�Si�2� � X�Si��
kTx�Si� � �X�Si�2� � X�Si��k

(10)

All the values on the right side of this equation are known. The next
step is to compute L. First, we must form a vector that points from
X�Si� toward the center of curvature. This can be done by crossing
Tx�Si� into N:

Ty�Si� � Tx�Si� � N (11)

Since these vectors are perpendicular unit vectors, no normalization
is needed. Next, the center point of the curved segment can be
computed:

C� X�Si� � Ty�Si��R (12)

From geometry, we know that the distance from C to X�Si�2� is

d� kX�Si�2� � Ck (13)

From the Pythagorean theorem,

L�
�����������������
d2 � R2

p
(14)

Now we must define a vector pointing from X�Si�1� to C:

Ty�Si�1� � Tx�Si�2� � N (15)

and next, a vector traverse of the path,

X�Si� � R�Ty�Si� � R�Ty�Si�1� � L�Tx�Si�2� � X�Si�2� (16)

Substituting Eq. (14),

� R�Tx�Si�2� � N � L�Tx�Si�2� � X�Si�2� � X�Si� � R�Ty�Si�
(17)

Since the cross product can be expressed as a matrix multiplication,
we can convert the vector N into the skew symmetric matrix Nm:

�L�I � Nm	Tx�Si�2� � X�Si�2� � X�Si� � R�Ty�Si� (18)

Solving for Tx�Si�2�,

Tx�Si�2� � �L�I � Nm	�1�X�Si�2� � X�Si� � R�Ty�Si�	 (19)

X�Si�1� is derived as

X�Si�1� � C �W�R� X�Si�2� � L�Tx�Si�2� (20)

Equation (20) can be used to build the intermediate representation up
to the final fix.

Figure 6 depicts the two-turn path segment used during landing.
The problem has the additional constraint that the ending orientation
must line up with the runway. Because of this, another degree of
freedom is needed.

By adding a second turn, the path gains the flexibility necessary
to match an ending orientation. There are two planes represented in
the diagram: one defined byX�Si�,X�Si�1�, andX�Si�2� and another
defined by X�Si�1�, X�Si�2�, and X�Si�3�. The governing equation
for the three-dimensional case is presented as Eq. (21) and can be
solved numerically:

X�Si� � R�Ty�Si� � R�Ty�Si�1� � L�V01 � R�Ty�Si�2�
� R�Ty�Si�3� � X�Si�3� (21)

The vectors Ty�Si�, Ty�Si�1�, Ty�Si � 2�, and Ty�Si�3� are
computed similarly to the previous case. The difficulty arises in
computing N0 and N1 normal directions. For the 3-D case, these are
not readily computed, since the direction of the turn is always the
same relative to the normal vector, and for the 2-D case, there is
only one plane. One can easily see that there are four ways of
arranging the vectors with the constraint that they must be normal to
the plane: (out, out; out, in; in, out; in, in), which corresponds to the
turn set �R;R;R;L;L;R;L;L	. Finding the optimal path is then a
matter of computing all four combinations and choosing the shortest.
The 3-D solution is found with a numerical optimization strategy.
Equation (21) can be rearranged to equal zero when the solution is
found, and hence the residual dotted with itself gives a least-squares
objective function that can be driven to zero. The design variables in
this case are the components of Tx�Si�1�, and the above equation
can bemanipulated to be a function of only these components, giving
a three-variable optimization problem. The guess value for this
optimization problem is computed by projecting the 3-D problem
onto the plane defined byN0 and S1 � S0. The 2-D problem can then
be solved as described below, and the components of Tx�Si�1� can be
used as the initial conditions to solve the optimization problem.

The problem is solved by first projecting the 3-D problem onto
the plane defined by Tx�Si� and X�Si�3� � X�Si�, forming two
vectors, N and Tx�Si�3�, which are the plane normal vector and the
normalized projection of Tx�Si�3� onto the plane, respectively. As
before, L is derived geometrically:

Fig. 6 Base to final-leg flight-path segment.
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L�
����������������������������������������������������������������������������������������������������������������������
�C1 � C0� 
 �C1 � C0� � �R�N1 � R�N0� 
 �R�N1 � R�N0�

p
(22)

The second set of terms under the radical takes care of the
geometric differences between the cases: i.e., if the turns are the same
direction (LL or RR), L is just the distance from turn center to turn
center; otherwise, the Pythagorean theorem is used to find the
diagonal. Next, since N0 and N1 are known, we can derive the four
solutions based on

Tx�Si�1� � Tx�Si�2� � �L�I � R�Nm0 � R�Nm1	�1�X�Si�3�
� X�Si� � R�Ty�Si� � R�Ty�Si�3�	 (23)

for the set

�N0; N1	 � �N;N;N;�N;�N;N;�N;�N	

whereN is the plane normal vector discussed above. From this family
of solutions, the shortest (optimum) path can be chosen. The obtained
value is then substituted into the residual equation:

re � X�Si� � X�Si�3� � R�Ty�Si� � R�Ty�Si�1� � L�Tx�Si�1�
� R�Ty�Si�2� � R�Ty�Si�3� (24)

The objective function J is optimized for the quantity L�Tx�Si�1�:

J� re 
 re (25)

Note that since Tx�Si�1� is a unit vector, only two of its
components are independent. Adding L as a design variable brings
the number of unknowns up to three. For transport-category aircraft,
the planar guess will be very close to the real solution and the opti-
mization will converge quickly, as shown during the case study
conducted in this paper.

2. Probability Density Function

In this study we considered two types of probability density
functions: namely, Weibull distribution and constant-valued func-
tions, as detailed in the following section. To represent failure rates of
distressed aircraft along the path, we chose the Weibull distribution
because of its common use for failure prediction of engineering
systems:

p�s� � k
�

�
s

�

�
k�1
e��

s
��
k

(26)

where � is the position parameter of the distribution, which is
proportional to themean� and related to the k shape parameter by the
following equation:

�� � 
 ��1� 1=k� (27)

By analyzing real-world data when available, a better model could
be derived to represent actual conditions. For now, we simulated
different distressed conditions by varying the failure-rate parameter k
as 1) k less than 1 to study decreasing failure rate, 2) k� 1 to study a
constant failure rate, and 3) k larger than 1 to study an increasing
failure rate.

Our DART_MSOP method is not tied in any way to a particular
statistical model. The results are derived numerically; therefore, any
statistical model can be used, as long as it obeys the usual rules
governing probability density functions. For this case, only the dis-
tance along the path is used to calculate the probability of an abort.
The results are derived numerically, so any statistical model can be
used, as long as it obeys the usual rules governing probability density
functions. In the following section we implement a constant-valued
probability density function to see the effects of changing the
distribution from constant Weibull.

In this section the abort-probabilitymodel is taken to be a constant-
valued probability distribution, as depicted in Fig. 7. Under constant-
valued probability density function and single-turn path formulation,

we obtained an analytical expression for the expected path length.
Analytical forms are useful in reducing prediction time under a
distress condition. The closed-form solution of the expected path
length becomes

EP�xT; yT��SJ�1�Pa�� SJB�
Pa
SJ

�
1

2
S2DT �

1

2
S2TJ� IDT � ITJ

�

(28)

IDT �
Z
SDT

0

�������������������������������������������������������
s2 � L2

DA � 2sLDA cos AT

q
ds (29)

ITJ �
Z
STJ

0

������������������������������������������������������
s2 � L2

TA � 2sLTA cos AJ

q
ds (30)

where EP is the expected path length; SJ is the distance from D to J
along the path; SJB is the distance from J toB along the path; LDA is
the straight-line distance from D to A;  AT is the angle created by
points A, D, and T;  AJ is the angle created by points A, T, and J.

Numerical results using constant-valued probability density
function with Sacramento International as the better airport and
Mather Federal as the abort airport showed that increasing the prob-
ability of abortPa will move the path toward the abort airport. For the
single-fix path generated, the pathfirstmoves toward the abort airport
and then turns toward the better airport, as in Fig. 8a. The expected-
path-length plot looks very flat along the path from the distress-event
point to the better airport, as shown in a surface plot in Fig. 8b.

3. Flight-Trajectory Optimization to Maximize Safe-Outcome Probability

The optimization system consists of three components: the path,
probability density function, and the objective function with its
constraints. Given the abort-probabilitymodel fromSec. II and a path
that will contain several segments, we can compute the expected
length of the path from the probability of abort at any point along the
nominal track. The optimal course of action is to simply go straight to
airport B after reaching equidistance pointR (Fig. 2). Amathematical
way of looking at this is to say that the probability of an abort beyond
this point is identically zero. The curvilinear coordinate of this point
will be called SR.

The definition of the expected value of a random variable is

E�X� �
Z
X

xf�x� dx (31)

where x is the value of the random variable, f�x� is the probability of
the random variable taking that value, andX is the region over which
f�x� is defined. For this to be valid, the following equation must be
valid:

Z
X

f�x� dx� 1 (32)

For this derivation, wewill use a general probability density function
p�s�. The expected path length becomes

Fig. 7 Constant probability density function along flight-path ground

track.
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Ep �
Z
SR

0

Sa�s�p�s� ds�
Z 1
SR

Sbp�s� ds (33)

There are two components to the integral because of the discrete
nature of the probability model chosen. This arises because the path
can take on a particular range from s� 0; . . . ; SR or a single discrete
value of Sb, since the path length must take on this value for travel
after SR. So the first term takes care of the continuous range of the
path length, and the second term accounts for the contribution of the
single value. Taking advantage of the fact that

Z
SR

0

p�s� ds�
Z 1
SR

p�s� ds� 1 (34)

and that Sb is a constant, the above equation can be rearranged into
the following:

Ep �
Z
SR

0

Sa�s�p�s� ds� Sb
�
1 �

Z
SR

0

p�s� ds
�

(35)

The first term is continuous, and the second term is a single
probability with a single value for the random variable. The expected
path length can then be considered as the objective function. Finally,
the expected distance can be minimized under the aircraft dynamic
constraints through an optimization algorithm by using fixes, the
minimum turn radius, and the flight-path angle constraints in shaping
the turns. The constraints are included in a vector function forms of
g�s� and h�s�, and the optimization problem is stated as follows:

Minimize Ep �
Z
SR

0

Sa�s�p�s� ds� Sb
�
1 �

Z
SR

0

p�s� ds
�

(36)

Subject to g�s�< 0 and h�s� � 0 (37)

Using Lagrange multipliers �, the augmented functional for the
optimization problem becomes

Eap � Ep ��1g�s� ��2h�s� (38)

For the numerical case study presented in this paper, the constraints
were

R�s�> Rmin�V; �; Clmax;W=L� (39)

and flight-path angles had limits of

� 10 � � � �10 (40)

Optimization is required in many areas of the DART research; an
optimization class was also developed that allows an optimizer to be
integrated into any piece of software in a simple transparent manner.
Each instance of the optimizer class is self-contained, so there is no
concern about multiple optimizers interfering with one another.
The optimization is conducted by writing an objective-function
constraint function when applicable and setting the relevant param-
eters. The core of the optimization class is the Design Optimization
Tools numerical optimization, [11]. This package is a set of
FORTRAN tools for numerical optimization, both with and without
constraints. Several algorithms are available, including MMFD,
BFGS, Fletcher–Reeves CG, SLP, and SQP. In our DART_MSOP,
the Fletcher–Reeves algorithm was used. The optimization is run on
an Intel Core 2 quad-class desktop PC running Fedora Linux. Since
the optimization is not multithreaded, it realizes no performance
benefit from the extra cores. Even so, a single test case can be run in
only 1–2 min, depending on the number of iterations required for a
solution. Several changes could bemade to significantly speed up the
process. First, the algorithm computes the gradient of the objective
function numerically, which requiresmany objective-function evalu-
ations: on the order of 10–20 evaluations per iteration, depending on
the number of fixes. Because of Moore’s law, computational power
should almost never be a limiting factor. If it runs in reasonable time
on a basic desktop now, it is generally safe to assume that by the time
the algorithm is implemented there will be more than sufficient
computational power to run the algorithm in real time.

C. Third New Algorithm of DART_MSOP: Guidance Algorithm for

Perpetual-Turning-Attitude Aircraft

A third new algorithm determines the flight maneuver for a
perpetual-turning-attitude aircraft to fly the trajectory generated by
the second algorithm [17]. In our DART_MSOP method the third
algorithm is only used if the aircraft has stuck controls or a similar
malfunction that generates a nonzero amount of bank angle and
causes the aircraft to turn in only one direction. It may be noted that
[18] gives a detailed mathematical proof for a similar condition
without any practical reference.

A basic assumption is that it is not possible to trim the aircraft so
that it is flying with its wings level. It is assumed that the aircraft can
only make left or right turns exclusively. These assumptions are, in
summary, as follows:

1) The aircraft can only be trimmed in a steady turn left or right
turn, but not both.

Fig. 8 Plots of a) effects of constant-valued probability density function on expected path length and b) expected path length’s surface plot.
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2) The aircraft can turn in two radii:RL, a larger radius, and RS, a
smaller radius.

To achieve maximum range, the aircraft must fly as straight of a
path as possible.

Figure 9 depicts the flight maneuver. It consists of alternating
between the two radii separated by a break angle �. If one initially
started out with a heading of 0 deg, one would fly the large radiusRL
until the heading was �. Then one would fly the smaller radius until
the heading was��, at which point the larger radius would be flown
again until the headingwas � again. The only independent variable in
this path is the break angle �. The idea is that there is an optimal break
angle at which the path becomesmost efficient. The asymmetric path
efficiency (APE) is defined as

APE � ds=total length traveled (41)

Using geometry, the APE can be obtained as

APE � �RL � RS�
�������������������������������
2�1 � cos�2���

p
=�2RL�� RS�2� � 2���

(42)

Minimizing the 1-APE function gives the following results, shown in
Figs. 10a and 10b. An analytical solution to the optimization was
obtained by differentiating the APE expression with respect to � and
setting that derivative to 0. This is expressed as

tan��� � �� �RS
�RL � RS�

(43)

Equation (3) is a transcendental equation and cannot yield an exact
analytical expression.

Figure 10b shows a reasonable trend: the efficiency starts at 1 and
drops off quickly and eventually approaches zero value. Figure 10a

shows a less-intuitive result, as the break angle increases sharply and
tapers off. The break angle does seem to approach 90 deg for the
degenerate case in which the two radii are identical.

These results are valuable in that they do not need to be
implemented with an onboard computer. The pilot could perhaps
have this data available in the form of a chart and make navigation
decisions with this data. The path efficiency of Fig. 10b could help
with range estimation, and the break-angle plot of Fig. 10a would
dictate the path taken.

IV. Case Study: In-Flight Distressed-Aircraft Scenario
in Northern California

A transport-category airplane encountered in-flight right-wing
structural damage while on a descent out of flight level 200
(20,000 ft) into San Francisco International Airport (KSFO), as
marked in sectional charts in Fig. 11. Indicated airspeed was 340 kt.

Fig. 9 The third newalgorithmgeometry parameters. The aircraft flies

along a larger radius RL until it sweeps a heading change of � (break
angle), at which point the aircraft flies along a smaller radius RS. The

aircraft flies along the smaller radius for an arc that is 2� � 2�. The
straight-line distance traveled is ds.

Fig. 10 Plots of an optimum break angle � for a variety of turning ratios RS=RL and b) asymmetric path efficiency (APE) for a variety of turning ratios

RS=RL.

Fig. 11 Distress event and reachable airports. Note that for a regular
approach, the airplane must reduce indicated airspeed to 250 kt below

10,000 ft.
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The aircraft had departed New York with no problems; however,
sudden changes occurred while passing North Stockton (KSCT).
Based on the copilot’s visual inspection, the damage was located on
the outer-board wing. The pilots tried to maximize safe-outcome
probability following this scenario. Possible airports and their
identifiers are as follows: San Francisco (KSFO), Oakland (KOAK),
San Jose (KSJC), Moffett Federal (KNUQ), Stockton (KSCK),
Sacramento International (KSMF), Travis (KSUU), McClellan
(KMCC), and Mather (KMHR).

Methods developed are applied for this scenario, first using a
statistical approach for initial turn/landing sites rank-ordered. Then,
using the highest-ranking three sets of runways, high-fidelity flight-
optimized trajectories are generated using minimum turn radius as a
constraint. For each destination and abort airport pair, nine cases are

numerically simulated to represents various failure rates. This is
accomplished by changing the parameters of theWeibull probability
distribution function. A summary of the parameters varied for each
destination and abort airport pair is provided in Table 1. The third
algorithm was not needed to be executed for this case; results of the
first and second algorithms are provided below.

A. Results from First New Algorithm of DART_MSOP: Statistical-
Based Initial-Turn Determination

Consider three runway parameters: approach over a populated
area, runway length, and approximate flight distance. Approach over
a populated area takes a score of zero if true and one if false. The
mean approximate flight distance score is obtained as the sum of the

Fig. 13 Statistical analysis results shows the best landing sites to be Stockton, Mather Federal, and Travis.

Fig. 12 Representation of scenario for statistical analysis.
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approximate flight distances to all runways divided by the number of
runways.

A statistical score for each runway is obtained by dividing the
mean by the runway’s approximate flight distance. Runway length
and approach over a populated area scores differ in that the mean is
the divisor. Once normalized by the mean values, the parameters are
summed to represent an overall statistical score for each runway. The
straight-line direct path, as shown in Fig. 12, used for approximate
flight distance gives Stockton an advantage. The results in Fig. 13
show Stockton to be the best landing site. With the inclusion of
additional, better-defined, parameters, this method can assist in
landing-site selection.

B. Results from Second Algorithm of DART_MSOP: Three-
Dimensional High-Fidelity Flight Trajectory

Several data items are extracted from each case study. First, the
expected path length is studied. This is a measure of how
effectively the path balances the conflicting objectives. Second, the
overall probability of each outcome is also important. This is a
good measure of how effective the path is at getting the aircraft to
the desired airport. The average abort path length is also important,
as it is a measure of how effective the method is at reducing abort
path lengths compared with increases in nominal path length.

Parameter selection is critical to representing real-life flight
scenarios and obtaining meaningful results. Data sets pertaining to
the probability of an abort as a function of position are not available.
For this research, best-estimate values are used.

There are two major parameters that must be chosen, both
pertaining to the Weibull distribution. The first is �, which is a
measure of the location of the peak density of the probability
distribution. The peak occurs at roughly �. The exact solution has
no closed form, but for reasonable parameter choices, the simpli-
fication is sufficient to make a guess at reasonable choices for �.
The second parameter is k, the failure rate. A value of k < 1

indicates a failure rate that decreases over time, whereas k > 1

indicates an increasing failure rate. The � values are chosen based
on the assumption that success when attempting to land at B is
greater than 50%.

Figure 14 shows the effect of K on the shape of the optimal
path. Since K is a failure-rate parameter, increasing K moves the
probability density toward the end of the path. Since Mather
Federal is close to the end of the nominal path for this case,
increasing K pulls the end of the nominal path toward Mather
Federal. Because that is the most likely area for an abort, being
closer to Mather Federal at that point during the flight is
advantageous if an abort should occur.

Fig. 14 Three-dimensional trajectory to Sacramento and Mather Federal for a) varying failure rates K and b) varying Weibull parameters.
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For the other airport set in Fig. 15, similar behavior is observed.
The behavior is not as pronounced, due to differences in the airport
layout. Since Moffett Field is further away from the nominal path,
getting closer has a higher cost than the KSMF/KMHR case;
hence, the path does not pull in as close. The abort-feasibility
decision points are the points along the path at which the distance
to A and the distance to B are equal. This point is important
because it is the last point at which an abort could be helpful, since
from then on, the better airport will also be closer. The method
shows the most bending behavior when K is large. This is not
surprising, since the abort airport is near the end of the nominal
path in both cases. Notably, the KSFO/KNUQ case showed the
largest decrease in expected path length. This happened when
K � 2:0 and �� 67; 702. Since the abort airport is further from
the nominal path for this test case, optimization and the resultant
bends in the path offer a larger advantage than when the abort
airport is closer.

The complete data set is provided in Table 1.

V. Conclusions

The probabilistic-based flight-path architecture developed in this
research offers marked improvement in the expected path length

when the aircraft attempts to fly to a better airport. It also offers

particular improvement in the path length if an abort does occur. This

is important, as an abort will likely be accompanied by reduced range

and/or maneuverability. Under a flight distress condition, distance to

the landing site becomes even more important. Hence, the novel

probabilistic method developed here offers improvement by

reducing the expected path length while increasing the probability of

safe landing, given the occurrence of an abort situation.
The maximum-range perpetual-turn flight-maneuver analytical

method offers a way to handle the constrained nonzero-turn-rate
problem in an optimal fashion. An expression for the most efficient
entry and exit turn angles has been derived, allowing a pilot to
maximize distance traveled while respecting turn-rate constraints of
the damaged aircraft.

This research has several key innovations that will advance
intelligent flight-path generation and contribute to flight safety. At
present, the 3-D path optimization formulation is capable of
optimizing paths to minimize expected path length. The architecture
ismodular andflexible to allow formore complex probabilitymodels
and explicit consideration of an abort decision model. The
performance of this new intelligent flight trajectory determination
method is evaluated using a case study based on a hypothetical in-

Fig. 15 Three-dimensional trajectory to San Francisco and Moffett for a) varying failure rates K and b) varying Weibull parameters.
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flight distressed transport aircraft in northern California. Numerical
simulations include variable failure rates to simulate different in-
flight distress conditions and include multiple fixes along the path
to accommodate realistic trajectories. The DART_MSOP method
should increase aviation safety if these algorithms are implemented
in aircraft avionics systems.
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